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We propose the characterization of fragmentation functions by the energy fraction x˜, a hadron
takes away from the energy of the jet measured in the frame co-moving with the jet. Besides, we
propose the usage of the jet mass as the fragmentation scale Q˜. We show that these two Lorentz-
invariant variables emerge naturally in a microcanonical ensemble with conserved fourmomentum.
Then, we construct a statistical hadronisation model, in which, two features of the hadronic final
states in various high-energy reactions (power law spectra and negative-binomial multiplicity distri-
butions) can be connected simply. Finally, we analyse the scale dependence of the parameters of the
model (power of the spectrum and mean energy per hadron) in the φ3 theory. Fitting fragmentation
functions in diffractive positron-proton collisions, we obtain a prediction for the jet mass dependence
of the hadron multiplicity distribution inside jets.
PACS numbers: 13.87.-a,13.87.Ce,13.87.Fh
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I. INTRODUCTION
Factorization theorem (FT) [1] in quantum chromo-
dynamics (QCD) allows for the approximation of hadron
distributions in high-energy processes as a convolution
of the cross section of the creation of energetic real par-
tons and of distributions containing details of the soft
processes, such as parton distributions (PDFs) in initial-
state hadrons and the probabilities of partons to frag-
ment into hadrons (fragmentation functions - FFs). Due
to the absence of hadrons in the initial state, electron-
positron (e+e−) annihilations are the best reaction type
to study FFs. In the factorised picture, in an e+e− →
2 jets event at collision energy
√
s, an on-shell quark (q)
and an anti-quark (q¯) are created with momenta (neglect-
ing quark masses) pµq/q¯ = (
√
s/2, 0, 0,±√s/2). Denoting
the total momentum by qµ = pµq + p
µ
q¯ , the probability
D
(
x,Q2
)
(fragmentation function) of finding a hadron
with momentum ph in the final state can be described
by two Lorentz-invariant variables: the energy fraction
x = 2pµhqµ/q
2 = 2p0h/
√
s the hadron takes away from
that of the (anti-)quark; and the fragmentation scale
Q2 = q2 = s. Measuring the dσ/dx hadron distribu-
tions in 2-jet events would, thus, provide direct access to
the quark-to-hadron fragmentation functions.
A problem with this framework is that an on-shell
“leading” quark enters the fragmentation process which
results in a jet with momentum Pµjet and mass M
2
jet =
P 2jet which is considerably higher than that of the lead-
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ing quark, M2jet ≫ p2q. As an example, in e+e− annihi-
lations at center-of-mass energies
√
s = 14–44 GeV [2],
the heavy jet mass can be 15–50% of
√
s/c2. In proton-
proton (pp) collisions at
√
s = 7 TeV [3], the mass of a
jet of transverse momentum P jetT = 200–600 GeV/c, is
typically of order Mjet ∼ 100 GeV/c2. This is a clear
violation of energy-momentum conservation, as the mo-
mentum of the final state jet does not coincide with that
of the quark which initiated the jet: Pµjet 6= pµq . This
is a side-effect of a framework, in which, the virtualities
of the partons created in the hard process are neglected.
However, if the virtualities of the leading (anti-)quark
are not neglected in an e+e− → 2 jets event, energy-
momentum conservation only requires that pµq =
(
p0q,pq
)
and pµq¯ =
(√
s− p0q,−pq
)
. This way, the energies and
masses of the heavy and the light jets are different and
fluctuate [2].
At this point, three problems emerge:
i, as the energy of a jet is not
√
s/2, x = ph/ (
√
s/2) is
no-longer the energy fraction a hadron takes away
from the jet.
ii, The energy scale Q˜2 at which the fragmentation
takes place is not s.
iii, Measured dσ/dx distributions in e+e− annihila-
tions (e.g. [4] and Refs. therein) are mixtures
of hadron yields from jets of fluctuating energies,
masses and 3-momenta.
A reasonable solution to the first issue is to use x˜ =
2pqµp
µ
h/p
2
q = 2P
jet
µ p
µ
h/P
2
jet = 2p
0 cm
h /Mjet, which is in fact
the energy fraction the hadron takes away from that of
the leading (anti-)quark in the frame co-moving with the
jet (p0 cmh is the energy of the hadron in the co-moving
frame).
2As for the fragmentation scale, in theoretical calcu-
lations [5–12] of the distributions of partons inside jets
and their scale evolution, the jet opening angle θc and
the energy of the leading parton p0q are used to define
the scale Qth = θcp
0
q. There, Qth serves as the upper
limit for the transverse momenta of the radiated partons
(the transverse width in phasespace) in a small-angle
parton evolution process. As we will show in Sec. II,
energy-momentum conservation for the pµi =
(
p0i ,p
T
i , p
z
i
)
momenta of the radiated partons provides a Lorentz-
invariant upper limit (unlike θcp
0
q) in the transverse di-
rection:
∣∣pTi ∣∣ ≤ √p2q/2. This limit is valid for large
angle radiations as well. Thus, the leading parton’s
virtuality which coincides with the mass of the final
state jet is a natural choice for the fragmentation scale
Q˜2 ∼ p2q =M2jet.
For the above reasons, we propose the measurement of
the fragmentation function D
(
x˜, Q˜2
)
which depends on
the newly introduced variables x˜ = 2p0 cmh /Mjet and Q˜
2 =
M2jet. This requires the identification of jets, grouping
them into mass bins, and presenting hadron distributions
inside each jet in the frame co-moving with the jet.
Since such datasets are not yet available, we have
picked datasets in which, at least, the jets are identified.
We have analysed longitudinal and transverse momen-
tum fraction distributions of hadrons inside jets stem-
ming from pp collisions at
√
s = 7 TeV [13] in another
paper [14]. In that dataset, jets are separated into bins
according to their transverse momentum PTjet, however,
the jet mass in each PTjet bin has broad fluctuations [3].
In this paper, we focus on large rapidity gap e+p col-
lisions events [15], where, hadron yields stemming from
the fragmentation of the proton can be separated from
yields stemming from current fragmentaion. Though in
this dataset, dijet final states are examined, the differ-
ence between the energies of the two jets are required to
be less than 20% in the center-of-mass frame of the dijet,
so the two jets are kinematically (approximatelly) iden-
tical, having momenta Pµ1,2 = (Ejet,±Pjet). Similarly to
the pp case, jets are binned with respect to their energies,
while their masses are allowed to fluctuate, though, there
is no published data on the distribution of these masses.
In Sec. II, we show that the variables x˜ and Q˜ emerge
naturally in a relativistic microcanonical ensemble with
conserved fourmomentum. Furtheremore, inclusion of
negative-binomial particle multiplicity fluctuations re-
sults in cut-power law shaped single particle distribu-
tions. Both of them have been observed in various types
of high-energy (e+e−, pp and heavy-ion (AA)) collisions
[14, 16–39]. In Sec. III, we fit the cut-power law distri-
bution obtained in Sec. II to the above described e+p
dataset [15] on FFs. As we beleive that the correct frag-
mentation scale is the jet mass, however, the jet mass
distributions corresponding to the Ejet bins are yet un-
known, we fit a characteristic/average mass in case of
each dataset in the Ejet bins. This way, we obtain the
dependence of the parameters of the model on the frag-
mentation scale Mjet.
In Sec. IV, we descuss the scale evolution of the pa-
rameters using an approximate solution of the DGLAP
(Dokshitzer-Gribov-Lipatov-Alterelli-Parisi) equation in
the simplest asymptotically free field theory, the φ3 the-
ory with LO splitting function and 1-loop coupling [40].
II. STATISTICAL JET FRAGMENTATION
Microcanonical statistics has been widely used in the
literature in the description of hadronisation [14, 16–25].
Using the microcanonical instead of the canonical ensem-
ble is important, as the energy of a single hadron in a
jet can easily be of the order of the total energy of the
jet. The advantage of the model presented here is that
(after neglecting hadron masses, and using a relativistic
ensemble,) we are able to derive simple analytic expres-
sions, while the usage of a non-relativistic ensemble leads
to rather complicated results [23]. The disadvantage of
neglecting hadron masses is that ratios of total particle
multiplicities cannot be reproduced as has been done in
more complicated simulations [19–22] taking masses into
account.
A. Hadron Distribution in a Single Jet
Generalizing results in [16, 17], we model the created
hadrons in a single jet of momentum Pµ = (E,P), mass
M =
√
PµPµ and hadron multiplicity n by a micro-
canonical ensemble. Neglecting hadron masses, writting
their momenta as pµi = (pi,pi), the phasespace corre-
sponding to the jet is
Ωn(P
µ) =
n∏
i=1
∫
d3pi
p0i
δ4

 n∑
j=1
pµj − Pµ

 ∝M2n−4 .
(1)
The evaluation of the integrals in Eq. (1) is straight-
forward in a frame co-moving with the ensemble, and
using Fourier transforms: δ(x) ∝
∞∫
−∞
dα exp(iαx) and
Ωn(P
µ) ∝ ∫ d4α exp (iαµPµ)ϕn(α) with ϕ(α) =∫ (
d3p/p0
)
exp (−iαµpµ).
Thisway, the single-particle distribution is
fn(pµ) =
Ωn−1(P
µ − pµ)
Ωn(Pµ)
=
(n− 1)(n− 2)
piM2
(1− x˜)n−3 , (2)
with x˜ = 2Pµ p
µ/M2 and normalisation condition
1 =
∫
d3p
p0
fn(pµ) . (3)
3As x˜ ≤ 1 in Eq. (2), particle momenta are within an el-
lipsoid with centre P/2, longer axis 2a = E and smaller
axis 2b = M . This way, Q˜ = M/2 is the upper limit for
the transverse momenta of hadrons in the jet, similarly
to Qth = θcp
0
q which is the upper bound in the transverse
direction in case of small-angle parton radiations. In the
limit of |P| → E, the ellipsoid shrinks, and Eq. (2) be-
comes a one-dimensional distribution of x˜ = p0/E. As
argued in Sec. I, the variables x˜ and Q˜ emerge naturally
in a microcanonical ensemble with conserved fourmomen-
tum.
In the canonical limit, where, n→∞ while M = dnT
is fix (d = 2 is the effective dimension of the phasespace
d3p/p0 ∼ pd),
fn(pµ) → A exp {−uµpµ/T } , (4)
which distribution is extensively used in AA collisions
for the description of hadrons stemming from the quark-
gluon plasma with local flow velocity uµ = Pµ/M . [29,
33–38].
Interestingly, the statistical distribution, Eq. (2) be-
longs to the family of xα(1 − x)β type parametrisations
of FFs most often used in the literature [41, 42].
B. Inclusion of Multiplicity Fluctuations
Cut-power law momentum distributions along with
negative binomial (NBD) multiplicity distributions are
common features of hadronic final states in e+e−, pp and
AA collisions as well as in identified jets [16, 17, 36, 43,
44]. Therefore, we average the single particle distribution
Eq. (2) over the multiplicity fluctuations
P(n) =
(
n+ r − 1
r − 1
)
p˜n(1 − p˜)r , (5)
and obtain
p0
dN
d3p
=
∑
P(n)n fn(pµ) =
= A
[
1 +
q − 1
τ
x˜
]−1/(q−1)
−B . (6)
To be consistent with notations of other papers in the
literature, we introduced the parameters A = r(r+1)(r+
2)[p˜/(1− p˜)]3 / piM2, q = 1+1/(r+3), τ = (1− p˜)/[p˜(r+
3)] and B = A[1+(q−1)/τ ]−1/(q−1). Eq. (6) follows from
Eqs. (2) and (5) using the identity
∞∑
0
(
n+r−1
r−1
)
xn =
(1 − x)−r. The microcanonical nature is manifest in the
feature that when particle momenta reach the surface of
the ellipsoid (x = 1), Eqs. (2) and (6) become zero.
As discussed in [36], when q → 1, the multiplicity
distribution Eq. (5) tends to the Poissonian distribu-
tion: P(n) → (1/τ)n exp{−1/τ}/n!, while the spec-
trum Eq. (6) tends to Boltzmann-Gibbs p0dN/d3p →
A exp{−x˜/τ}. Thus, q−1 can be viewed as a measure of
deviation from the usual canonical distribution. As the
mean energy per particle in the co-moving frame
〈
p0 cm
〉
=
d
1− (d+ 1)(q − 1)
(
τ
M
2
)
(7)
tends to the usual equipartition relation
〈
p0 cm
〉 →
d(τM/2) when q → 1, Teq = τM/2 may be interpreted
as the temperature of the ensemble. Actually, in [39, 45],
where Eq. (6) is derived from non-extensive thermody-
namics with non-additive energy and entropy composi-
tion rules, Teq is shown to be the thermodynamical tem-
perature.
We note here, that Eq. (6) may be obtained from other
models based on the fluctuations of volume [23–25], or
temperature [26, 27]; it is also a stationary solution of the
Langevin equation with a special kind of multiplicative
noise [28].
III. COMPARISON TO e+p DATA
In this section, we analyse momentum fraction dis-
tributions of charged hadrons in jets created in e+p →
e+XY reactions [15], where Y is either the intact or ex-
cited remnant of the proton, with large rapidity and low
transverse momentum. X is of two jets with rapidities
|yjet| ≤ 1, and energy difference between the two jets not
greater than 20%. Furtheremore, there is a large rapid-
ity gap between X and Y . The xp distributions were
evaluated in the CMS frame of the dijet, with Ejet (used
in xp = p/Ejet) taken to be Ejet = M2jet/2 defined by
M2jet the dijet mass.
Modelling the two jets by two microcanonical ensem-
bles with identical fourmomenta Pµ = (Ejet,Pjet), we
describe hadronic xp distributions by Eq. (6):
dN
dxp
= xp A
ϑc∫
0
dϑ sinϑ
{[
1 +
q − 1
τ
E − |P| cosϑ
M2/2
Exp
]−1/(q−1)
−B
}
,
(8)
(we have omitted the subscript ’jet’) where ϑc is the open-
ing angle of the jet cone. In total, we have four param-
eters A, q, τ,M which we determine by fitting Eq. (8) to
the datasets corresponding to each {Ejet, ϑc} pairs.
As Figs. 1–2 shows, Eq. (8) reproduces measured data
[15] for xp / 0.7− 0.8. In the case of datasets with Ejet
= 19 GeV and 23 GeV, there is a discrepancy between
our results and both the measured data and the fitted
distorted Gaussian (DG) ansatz (proposed in [46]):
dN
dξ
DG
=
N˜
σ˜
√
2pi
exp
[
k˜
8
− s˜δ˜
2
− (2 + k˜)δ˜
2
4
+
s˜δ˜3
6
+
k˜δ˜4
24
]
,
(9)
4FIG. 1. Momentum fraction distributions of charged hadrons
stemming from large rapidity gap diffractive e+p collisions
with two jets. Data are published in [15]. Curves are fits of
Eq. (8) (thick line) and Eq. (9) (thin line). Data are rescaled
for visibility.
where ξ = − lnxp, δ = (ξ− ξ¯)/σ˜, and N˜ , σ˜, s˜, k˜ fit param-
eters. These discrepancies are around hadron momenta
p / 150 MeV, which is the low-pT cut-off used in the
data analysis. At high xp ' 0.7–0.8, our results underes-
timate the measured distribution. This might be due to
the allowed 20% energy difference between the two jets
in the data analysis. As the energy of the more energetic
jet can be 10% bigger than M2jet/2, the dN/dxp distri-
bution (xp = 2p/M2jet) in that jet might not go to zero
at xp = 1. Thus, measured data might overestimate the
real xp distribution. Another cause might be that we do
not take into account the fluctuations ofMjet, we only fit
an average, characteristic value for it. Mass fluctuations
may also smear the real value of xp = 1.
IV. SCALE EVOLUTION
The fitted value of the characteristic jet mass shows a
growing tendency as a function of Ejet (Fig. 3). This can
be described by a linear function Mjet = M0 + Ejet/E0,
with M0 = (2.6±1.4) GeV/c2 and E0 = (1.6±0.2) GeV.
In the model described in Sec. II, the mass of the jet
defines the width of the jet in phasespace with maximal
transverse momentum pTmax = M/2. The values for
the maximal transverse momentum obtained from fits
FIG. 2. Data over theory plots for Fig. 1 using Eq. (8).
Graphs are shifted by integer numbers for visibility.
FIG. 3. Dependence of the fitted characteristic jet mass on
the jet energy and cone opening angle θc. Points belonging
to a certain Ejet, but to different θc have been shifted along
the horizontal axis for visibility.
5of this model are of the order of pTmax = Ejet sinϑc
which formula (also linear in Ejet) is used in perturbative
analysis [5–12].
Dependence of fit parameters q, τ on our newly pro-
posed fragmentation scale Q˜ ∝Mjet are shown in Figs. 4–
5. As datasets on FFs shown in Fig. 1 are binned with
respect to the jet energy Ejet, and in each bin, our newly
proposed fragmentation scale, the jet mass most probably
fluctuates according to a yet unexamined distribution, it
is not possible to make precision tests of QCD (like de-
termination of the strong coupling αs
(
M2jet
)
). Thus, we
derive scale evolution of the q and τ parameters of the
cut-power law shaped FF in (the simplest asymptotically
free quantum-field theory) the φ3 theory. However, the
structure of the solution would be very similar in QCD.
Let us define the shape-preserving (approximate) FF
Da(x, t) = A(t)
[
1 +
q(t)− 1
τ(t)
x
]−1/[q(t)−1]
(10)
which depends on the scale only through its parameters
q(t), τ(t) and A(t), where t = ln
(
Q2/Λ2
)
, Λ is the scale
where g2(t) = 1/(β0t), the 1-loop coupling of the φ
3 the-
ory diverges and β0 is the first coefficient of the beta
function of the φ3 theory. We are intended to obtain the
scale t dependence of the parameters using the DGLAP
equation in the φ3 theory, which is
∂tD(x, t) = g
2
1∫
x
dz
z
D
(x
z
, t
)
Π(z) (11)
with the splitting function at LO
Π(x) = x(1− x) − 1
12
δ(1− x) . (12)
Note that we distinguish between the exact solution
D(x, t) and the shape-preserving approximate solution
Da(x, t) for reasons specified later. Eq. (11) can be fac-
torized in Mellin space:
∂tD˜(ω, t) = g
2D˜ (ω, t) Π˜(ω) (13)
where the Mellin transform of a function f(x) is f˜(ω) =
1∫
0
dxxω−1f(x), so Π˜(ω) = 1/[(s+ 1)(s+ 2)]− 1/12. The
solution of Eq. (13) is
D˜(ω, t) = D˜(ω, t0) exp{b(t)Π˜(ω)} (14)
with b(t) =
t∫
t0
dt′ g2(t′) = (1/β0) ln(t/t0) and t0 =
ln
(
Q20/Λ
2
)
at starting scale Q0. Using the inverse Mellin
transform f(x) = (1/2pi)
∞∫
−∞
dω x−iω f˜(iω), we obtain
the solution in ’real space’:
D(x, t) =
1∫
x
dz
z
g (z, t)D
(x
z
, t0
)
(15)
with the kernel
g(x, t) ∼ δ(x− 1) +
+
∞∑
k=1
bk(t)
k!(k − 1)!
k−1∑
j=0
(k − 1 + j)!
j!(k − 1− j)! ×
× x lnk−1−j
[
1
x
] [
(−1)j + (−1)kx
]
(16)
and initial function D(x, t0).
An inconvenient feature of the solution Eq. (15) is that
it does not preserve its shape in general. More specifi-
cally, substituting a function D[ω, a(t)] which depends on
the scale only through its parameters a(t) into Eq. (14),
does not in general, lead to a solvable system of equations
for a(t), because the ω dependence cannot be eliminated
in general. For this reason, FFs given in Eqs. (9) and
(10) are not exact solutions for the DGLAP equation,
though they provide good description of data in a wide
range in x (or ξ). At this point, we may set up suitable
rules to get a sufficient number of equations for the pa-
rameters. For example, in [11], the first moments
〈
ξj
〉
(j = 0, . . . , 5) of the DG ansatz are required to be equal
with the same moments of the exact solution (obtained
in QCD at next-to-modified-leading-log approximation).
In case of Eq. (10),
D˜a(ω, t) ≈
∞∫
0
dxxω−1Da(x, t) =
=
Aτω−1
(q − 1)ω−1
∞∑
j=0
(
ω − 1
j
)
(−1)ω−1−j τ
1− (j + 1)(q − 1)
(17)
(we have omitted the t dependence of the parameters).
In order to obtain equations for the parameters, we use
a simple prescription: let the first three moments of the
real and the approximate solutions coincide
D˜a(ω, t) = D˜(ω, t) , ω = {1, 2, 3} . (18)
The ω = 2 case is the usual normalisation condition∫
dxxD(x, t) = 1. From Eqs. (14), (17) and (18) we
get
q(t) =
(8q0 − 12)(t/t0)a1 − (9q0 − 12)(t/t0)−a2
(6q0 − 9)(t/t0)a1 − (6q0 − 8)(t/t0)−a2 ,
τ(t) =
τ0
(6q0 − 8)(t/t0)−a2 − (6q0 − 9)(t/t0)a1 ,
A(t) = [2− q(t)][3 − 2q(t)]/τ(t)2 (19)
with q0 = q(t0), τ0 = τ(t0), a1 = Π˜(1)/β0 and a2 =
Π˜(3)/β0.
Solid curves in Figs. 4 and 5 (with q0 = 1.001 and τ0 =
0.161 at starting scale Q0 = 8.9 GeV/c
2 along with Λ =
0.1 GeV/c2 and β0 = 0.023) show that Eq. (19) is consis-
tent with the fitted scale dependence of the parameters of
the statistical model with the newly proposed fragmen-
tation scale Q˜ =Mjet. As in this paper, we only present
6FIG. 4. Dependence of the fitted values of the q parameter
of Eq. (8) on the characteristic jet mass Mjet. Solid line:
q
(
M2jet
)
from Eq. (19) with Q2 =M2jet.
FIG. 5. Dependence of the fitted values of the τ parameter
of Eq. (8) on the characteristic jet mass Mjet. Solid line:
τ
(
M2jet
)
from Eq. (19) with Q2 =M2jet.
a feasibility study on characterizing FFs by the new vari-
ables x˜ and Q˜, and since the φ3 theory is not QCD, the
actual values of the fitted β0,Λ and Q0 are of not much
importance. It is worth to note, however, that in real
QCD, in the approximation where the quark/gluon-to-
charged hadron fragmentation functions only differ in a
normalisation constant, their form
Dhq/g(ω, t) ∼ D(ω, t0) exp


t∫
t0
dt′γ(ω, t′)

 (20)
is similar to Eq. (14), with γ(ω, t′) being the anomalous
dimension [5–12]. Thus, the QCD result for the scale
dependence of the parameters can be obtained by replac-
ing the (t/t0)
a1,2 terms in Eq. (19) by the corresponding
more complicated functions.
As the parameters of the FF Eq. (6) and those of the
multiplicity distribution Eq. (5) are connected, we have
also obtained prediction for the mean multiplicity
〈n〉 = 4− 3q0
τ0
(
t
t0
)−a2
(21)
and its variance
〈
n2
〉− 〈n〉2 = 〈n〉 [3− 2q0
τ0
(
t
t0
)a1
− 〈n〉+ 1
]
. (22)
SUMMARY
In this paper, we collect arguments supporting the pro-
posal of describing Dhq (x˜, Q˜
2) fragmentation functions
(FF) in terms of newly introduced variables: x˜ being
the energy fraction the hadron h takes away from the
energy of the jet initiated by parton q in the frame co-
moving with the jet; and the fragmentation scale Q˜ being
the mass of the jet. We note that Q˜ = Mjet is Lorentz-
invariant, unlike p0qθc (energy of the leading parton × jet
opening angle), usually used in calculations.
In Sec. II, we show that these variables emerge nat-
urally if we model the creation of hadrons in a jet by a
microcanonical ensemble with conserved fourmomentum.
The advantage of the model presented in that section,
is that it incorporates two experimentally observed phe-
nomena: cut-power law shaped hadron momentum dis-
tributions Eq. (6) and negative-binomial (NBD) hadron
multiplicity distributions (P(n)) Eq. (5) inside jets.
Examining the scale dependence of the parameters
Eq. (19) of the obtained statistical FF in (the simplest
asymptotically free quantum field theory) the φ3 theory,
we find that at low scales, the FF is closer to the micro-
canonical distribution (such configuration corresponds to
q ≈ 1), while, for higher scales, the FF evolves to a cut-
power function (q > 1). As our model connects the pa-
rameters of the FF and the multiplicity distributions, we
also obtain a prediction that at smaller scales P(n) is
7closer to a Poissonean distribution with mean multiplic-
ity 〈n〉 = 1/τ and for large scales, it becomes a NBD,
while the mean multiplicity grows as 〈n〉 ∼ lna(Mjet)
We note that the same cut-power law function turned
out to describe transverse momentum distributions of
hadrons stemming from pp and AA collisions as well,
and recently, many empirical formulae have been pro-
posed for the
√
s and collision centrality dependence of
the q and τ parameters [30–32, 35, 47]). We believe that
understanding the scale dependence of these parameters
examining fragmentation will prove useful in the future
in the understanding of more complex processes like AA
collisions.
ACKNOWLEDGEMENT
I am grateful for pieces of advice and encouragements
I have received from David d’Enterria, Julia Nyiri and
Vladimir Anisovich.
[1] J. C. Collins, D. E. Soper, and G. F. Ster-
man, Adv. Ser. Direct. High Energy Phys. 5, 1 (1989),
hep-ph/0409313.
[2] W. Braunschweig et al. (TASSO),
Z. Phys. C45, 11 (1989).
[3] G. Aad et al. (ATLAS), JHEP 05, 128 (2012),
arXiv:1203.4606 [hep-ex].
[4] G. Abbiendi et al. (OPAL),
Eur. Phys. J. C27, 467 (2003),
arXiv:hep-ex/0209048 [hep-ex].
[5] Y. L. Dokshitzer, V. S. Fadin, and V. A. Khoze,
Phys. Lett. B115, 242 (1982).
[6] A. H. Mueller, Nucl. Phys. B228, 351 (1983).
[7] A. H. Mueller, Nucl. Phys. B241, 141 (1984).
[8] E. D. Malaza and B. R. Webber,
Phys. Lett. B149, 501 (1984).
[9] Y. L. Dokshitzer, V. A. Khoze, A. H. Mueller, and S. I.
Troian, Basics of perturbative QCD (1991).
[10] Y. L. Dokshitzer, V. A. Khoze, and S. I. Troian,
Z. Phys. C55, 107 (1992).
[11] R. Perez-Ramos and D. d’Enterria,
JHEP 08, 068 (2014), arXiv:1310.8534 [hep-ph].
[12] D. d’Enterria, Perez-Ramos, and Redamy, in Proceed-
ings, 49th Rencontres de Moriond on QCD and High En-
ergy Interactions: La Thuile, Italy, March 22-29, 2014
(2014) pp. 315–318, arXiv:1408.2865 [hep-ph].
[13] G. Aad et al. (ATLAS), Eur. Phys. J. C71, 1795 (2011),
arXiv:1109.5816 [hep-ex].
[14] K. Urmossy and Z. Xu, Proceedings, 24th International
Workshop on Deep-Inelastic Scattering and Related Sub-
jects, Hamburg, Germany, 11-15 April, 2016. Parallel
talks, (2016), arXiv:1605.06876 [hep-ph].
[15] S. Chekanov et al. (ZEUS), JHEP 08, 077 (2009),
arXiv:0904.3466 [hep-ex].
[16] K. Urmossy, G. G. Barnafoldi, and
T. S. Biro, Phys. Lett. B701, 111 (2011),
arXiv:1101.3023 [hep-ph].
[17] K. Urmossy, G. G. Barnafldi, and
T. S. Bir, Phys. Lett. B718, 125 (2012),
arXiv:1204.1508 [hep-ph].
[18] K. Urmossy, G. G. Barnafoldi, and T. S.
Biro, Proceedings, International Conference on
Strangeness in Quark Matter (SQM 2011): Cra-
cow, Poland, September 18-24, 2011. Parallel talks,
Acta Phys. Polon. Supp. 5, 363 (2012).
[19] C. Bignamini, F. Becattini, and F. Pic-
cinini, Eur. Phys. J. C72, 2176 (2012),
arXiv:1204.2300 [hep-ph].
[20] F. M. Liu, K. Werner, J. Aichelin, M. Ble-
icher, and H. Stoecker, Strangeness in quark
matter. Proceedings, 7th International Con-
ference, SQM 2003, Atlantic Beach, USA,
March 12-17, 2003, J. Phys. G30, S589 (2004),
arXiv:hep-ph/0307078 [hep-ph].
[21] T. Wibig, Eur. Phys. J. C74, 2966 (2014),
arXiv:1304.0655 [hep-ph].
[22] F.-H. Liu, Nucl. Phys. A810, 159 (2008).
[23] V. V. Begun, M. Gazdzicki, and M. I.
Gorenstein, Acta Phys. Polon. B43, 1713 (2012),
arXiv:1201.5843 [nucl-th].
[24] V. V. Begun, M. Gazdzicki, and M. I.
Gorenstein, Phys. Rev. C80, 064903 (2009),
arXiv:0812.3078 [hep-ph].
[25] V. V. Begun, M. Gazdzicki, and M. I.
Gorenstein, Phys. Rev. C78, 024904 (2008),
arXiv:0804.0075 [hep-ph].
[26] C. Beck, Eur. Phys. J. A40, 267 (2009),
arXiv:0902.2459 [hep-ph].
[27] G. Wilk and Z. Wlodarczyk,
J. Phys. G38, 065101 (2011), arXiv:1006.3657 [hep-ph].
[28] T. S. Biro and A. Jakovac,
Phys. Rev. Lett. 94, 132302 (2005),
arXiv:hep-ph/0405202 [hep-ph].
[29] T. Bhattacharyya, J. Cleymans, A. Khuntia, P. Pa-
reek, and R. Sahoo, Eur. Phys. J. A52, 30 (2016),
arXiv:1507.08434 [hep-ph].
[30] P. K. Khandai, P. Sett, P. Shukla, and
V. Singh, Int. J. Mod. Phys. A28, 1350066 (2013),
arXiv:1304.6224 [hep-ph].
[31] M. Praszalowicz, Phys. Lett. B727, 461 (2013),
arXiv:1308.5911 [hep-ph].
[32] C.-Y. Wong and G. Wilk,
Phys. Rev. D87, 114007 (2013),
arXiv:1305.2627 [hep-ph].
[33] Z. Tang, Y. Xu, L. Ruan, G. van Buren, F. Wang,
and Z. Xu, Phys. Rev. C79, 051901 (2009),
arXiv:0812.1609 [nucl-ex].
[34] K. Urmossy and T. S. Biro, Phys. Lett. B689, 14 (2010),
arXiv:0911.1411 [hep-ph].
[35] B. De, G. Sau, S. K. Biswas, S. Bhattacharyya,
and P. Guptaroy, Int. J. Mod. Phys. A25, 1239 (2010),
arXiv:0911.1040 [nucl-th].
[36] T. S. Bir, G. G. Barnafldi, P. Vn, and K. Urmossy,
(2014), arXiv:1404.1256 [hep-ph].
[37] K. Urmossy, T. S. Bir, G. G. Barnafldi, and Z. Xu,
in Proceedings, 10th Workshop on Particle Correlations
8and Femtoscopy (WPCF 2014): Gyngys, Hungary, Au-
gust 25-29, 2014 (2015) arXiv:1501.05959 [hep-ph].
[38] K. Urmossy, G. G. Barnafldi, S. Harangoz, T. S. Bir, and
Z. Xu, (2015), arXiv:1501.02352 [hep-ph].
[39] T. S. Biro, K. Urmossy, P. Van, G. G. Barnafoldi,
and Z. Schram, Proceedings, International Conference
on Strangeness in Quark Matter (SQM 2011): Cra-
cow, Poland, September 18-24, 2011. Parallel talks,
Acta Phys. Polon. B43, 811 (2012).
[40] K. Urmossy and J. Rak, in Gribov-85 Memorial
Workshop on Theoretical Physics of XXI Century
Chernogolovka, Russia, June 17-20, 2015 (2015)
arXiv:1511.02353 [hep-ph].
[41] S. Albino, B. A. Kniehl, and G. Kramer,
Nucl. Phys. B803, 42 (2008), arXiv:0803.2768 [hep-ph].
[42] F. Arleo, Proceedings, 3rd International Conference on
Hard and Electromagnetic Probes of High-Energy Nu-
clear Collisions (Hard Probes 2008): Illa da Toxa,
Spain, June 8-14, 2008, Eur. Phys. J. C61, 603 (2009),
arXiv:0810.1193 [hep-ph].
[43] G. Aad et al. (ATLAS), Phys. Rev. D84, 054001 (2011),
arXiv:1107.3311 [hep-ex].
[44] A. Adare et al. (PHENIX),
Phys. Rev. C78, 044902 (2008),
arXiv:0805.1521 [nucl-ex].
[45] T. S. Biro´ and P. Va´n, Phys. Rev. E 83, 061147 (2011).
[46] C. P. Fong and B. R. Webber,
Nucl. Phys. B355, 54 (1991).
[47] G. G. Barnafoldi, T. S. Biro,
K. Urmossy, and G. Kalmar, in
Quantum chromodynamics and beyond: Gribov-80 memorial volume. Proceedings, Memorial Workshop devoted to the 80th birthday of V.N. Gribov, Trieste, Italy, May 26-28, 2010
(2011) pp. 357–363.

